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Near-Geostationary Orbit Model Used
in Satellite Catalog Maintenance

V. Boikov,* A. Testov,” and Z. Khutorovsky*
Vympel International Corporation, 123310, Moscow, Russia

An evolution model for free near-geostationary satellite orbits is presented. The procedure of averaging over
the mean anomalies for the satellite, the moon, and the sun is employed to obtain the long-period evolution of
the orbit element sets. Equations thus obtained are then integrated numerically with the 10-20 day time step.
The gravitational influence of external bodies and zonal and tesseral harmonics of the gravitational field of the
Earth, sun radiation pressure, as well as the precession and nutation of the Earth equator are taken into account
while computing both long- and short-period perturbations. A list is presented of the 500 short- and long-period
inequalities used in the model and discuss the optimal organization of the calculations. The presented model is now

being used by the Russian Space Surveillance System.

Introduction

HE problem of studying geostationary orbits evolution has

been attracting attention since the first satellite launches, and
their main features are sufficiently well known by now. A variety
of theories that describe the motion of geostationary satellites with
different precision has been developed.

The purpose of this work is to develop a geostationary satel-
lite motion model suitable for maintaining a catalog of near-
geostationary space objects tracked by the Russian Space Surveil-
lance System.

Geostationary satellites are tracked on the basis of series of op-
tical measurements that are separated from each other by relatively
long periods of time. This is why a sophisticated technique that es-
tablishesa correlationbetween these measurements and a particular
satellite,and updatingthe orbitof the satellite with the data obtained,
isnecessary.' The need for sorting the possibledistributionsof these
measurements over the orbits (of the already cataloged satellites) is
essential in formulating the requirements for the parameters of the
prediction algorithm. This need increases the number of times the
algorithm is called by several orders of magnitude.

Thus, CPU time consumption becomes the main characteristic
of the algorithm, whereas the accuracy requirements remain mod-
erate because the geostationary satellites are not placed closer than
~10 km to each other. This is why a prediction error significantly
smaller than the preceding value will not lead to a decrease in the
sorting time.

Construction of a high-speed algorithm requires solving the fol-
lowing two key problems: 1) choosing the factors to include and 2)
choosing the averaging scheme.

Factors that determine a geostationary satellite motion include
the gravitational field of the Earth, gravity of the moon and the sun,
sun radiation pressure, motion of the equator with respect to the
ecliptics, and so on (in our algorithm other influences are neglected
as comparativelysmall). The following technique was used to select
the necessary set of perturbation factors to include in the theory.

A special programwas used to compute the coefficients of expan-
sion for each perturbation up to a sufficiently high arbitrary order
(the absolute value of each index was considered to be less then
7). The absolute value maximum for each term in the expansion
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was determined in the region satisfying the following conditions for
the semimajor axis a, eccentricity e, and inclination i of the orbit:
35,000km <a <50,000km,0<e<0.1,and0 <i < /6. Foreach
orbital element, the terms of the expansions with the amplitudes
below 0.2 arc-s or 1077 rad/day for the periodic and secular/long-
period terms, respectively,were chosen. We found ~500 such terms.
(Note that this means that about 1 term has been chosen among the
50 comprising the initial expansion.)

For these perturbations,high-performanceprograms were written
and manually optimized. Same parts of different formulas were
computedonly once, and out of many expressionsfor the same value,
for example, an inclination function, the fastest one was selected.

Most authors’>™* prefer single averaging over the fast variable
of a satellite as the averaging scheme. This method is simple and
more than one order of magnitude faster than numerical integration.
It is common to employ a polynomial representation of the moon
coordinates over a 4-day time interval for such a technique. Thus,
the step of the numerical integration of the averaged equations is
takento be 0.1 of the 4-day period, thatis, a fraction of the satellite
orbital period.

To increase the integration step for the averaged equations, we
average over the mean anomalies of each of the perturbing bodies,
in additionto the common averagingover the fast variable, the mean
anomaly of the satellite.

This allows the use of a 10-20 day integration step and, conse-
quently, a decrease in the required CPU time manifold (compared
to using coordinates of the moon from the an annual astronomical
table) while analyzing the sets of observationsthat are separated by
long time intervals (a typical practice in our system).

Nonsingular Orbital Element Sets

The following system of the orbital element sets is used in the
algorithm:

tg,)»=M+(U+Q,

p=o0-cos 2,

Lzm
q =0 -sinQ

k=e-cosm, h=e-sinmw
where

semimajor axis

eccentricity

inclination

mean anomaly

matching ballistic coefficient
epoch of the elements
gravitational constant

Q+tow

sin(i /2)

longitude of ascending node
perigee argument
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General Description of the Method
The main frame of reference OXYZ is Cartesian and is fixed at
the time #,. If we neglect precession of the axis of the Earth for the
time period involved, we can obtain any current frame of reference
Oxyz by rotating OXYZ through an angle ¢ =@ - (t — ;) about
the axis of the Earth, where @, : is the angular velocity of the Earth.
The Hamiltonian of the problem is

H = Hy + Hpr (1)
where
Hy = —[(V)?/2] + /R = n/2L? ©)

is the part of the Hamiltonian corresponding to the unperturbed
motion, where

H,, = perturbing potential consisting of three parts

H, = perturbing potential of the zonal harmonics

H, = perturbing potential of the tesseral harmonics

H; = perturbing potential of the moon and the sun gravity
R = position vector of the satellite

\%4 = velocity of the satellite

Equations of the Perturbation Theory
For the Delaunay elements

p = (L, Ly, Ly), qg=(=U,0505L)

the Zeipel-Brouwer method allows a nearly identical transformation
excluding fast variables pertaining to the motion along the orbits of
the satellite, the moon, and the sun from the Hamiltonian

P.9= 0.9
The precedingsubstitutionis performed with the generatingfunction
Sp'.q.0)
according to the following formulas:
S S
= —_, / T — 3
P=3 /=3 3)

The Hamiltonian and the generating function are expanded into
series with a small parameter as an argument.
The first-order Zeipel-Brouwer theory yields

aS aS , wpr A7
Ty +HQP . g, Y, 1) = H P q, Pexn, 1) @)
where
n = average angular velocity of the satellite, u?/L>
Y., = parametersof the orbits of external bodies contained in

the Hamiltonian
= averaged Hamiltonian

= vectors lacking fast variables

The composition of the vectors g, 1/35“, will be different for dif-
ferent perturbations.

Where i =1, the zonal harmonic perturbations are independent
of time. The slow variables vector will be § = (—, l,,13), and the
perturbations are determined in their final form without expansion
in powers of the eccentricity.

Where i =2, the time dependenceof the tesseral harmonics is in-
cluded through the sidereal time. The Hamiltonianis then expanded
in powers of the eccentricity. Relevant to the averaged Hamiltonian
are the resonanceterms ¢ = {l; — @, - 1, [, [3}.

Where i =3, for the perturbations from external bodies, time de-
pendence is incorporated through both the mean anomaly of the
influencing body and through the so-called fundamental arguments
of the Hill-Brown theory (this, of course, is only true if the external
bodies are representedby the moon). There are certain difficultiesin
expanding the Hamiltonian with this dependence explicit. The case
when equatorial elements of the moon are functions of the slow
fundamental arguments will be considered later.

Thus, for the variablesp’ and ¢, we obtain Hamilton’s equations
with the averaged function H*:

. oH* . oH*
P = aq’ ’ 9= ap’

These equations are integrated numerically after the computation of
the appropriate partial derivatives with respect to the elements.

Perturbations Related to the Oblateness of the Earth

Because the perturbations caused by the influence of the zonal
harmonics of Earth gravity are well known and extensively docu-
mented, they are not discussed in this paper. Our algorithm utilizes
the finite Kozai formulas.’

Perturbationspertainingto the influence of the tesseral harmonics
of Earth gravity depend on the satellite position longitude, which is
practically constant for a truly geostationary orbit. Thus, there is a
resonance between the rotation of the Earth and the satellite motion,
which alters this motion significantly. The standard Hamiltonian
expansionis used to study the effects of the tesseral harmonics:

5

Hs = 25: H, (5)

n=2m=1
where
n [
Mo = @Mt D5 D0 ALK (Con =i Sum)
r=-—-ns=-—00
x expils -M+r-o+m-(Q— Sl (©)
H, , =Re{%, ,} )

In Egs. (5-7), the following designations are used:

Al = inclination function

Cym» Sp.m = constants of the gravitational field

i = V(=D

NR,m = complex function with the real part equal to H, ,
Ssid = sidereal time

X fft _,, = eccentricity function (Hansen polynomial)

o, = coefficient, u/a - (R, /a)"

Table1 Resonance inequalities

Indices Classes

Number m n r s 1 2 3

1 1 3 1 1 A L,q k
2 1 3 3 I - — A

3 1 3 -1 I — A —
4 1 4 0 I — A _
5 1 4 2 I — A —
6 1 5 1 I — A —
7 2 2 0 2 — A L,k
8 2 2 2 2 AL k, q _
9 2 3 1 2 A L,k,q
10 2 3 3 2 A —— L,kq
11 2 4 0 2 — A L
12 2 4 2 2 A — L,q
13 2 4 4 2 - — A
14 2 5 1 2 — A _
15 3 3 1 3 A _ _
16 3 3 3 3 A —_— _
17 3 4 0 3 — @ — A
18 3 4 2 3 A _ L,k
19 3 4 4 3 A _ _
20 3 5 1 3 — @ — A
21 3 5 3 3 A _ A
22 4 4 2 4 — A —
23 4 4 4 4 A — L
24 4 5 3 4 — A _
25 4 5 5 4 — A _
26 5 5 3 5 — A _
27 5 5 5 5 A —_— _
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As already mentioned, the averagedfunction will includeresonance
angles:

0=m-(M — Sgq)

That is why the index s is constrained,and only four independentin-
dicesremain. For each type of perturbationin Tables 1-4 we present
the terms included in the expansions. After the ordinal number in
the first column, in the next columns we give the set of indices char-
acterizing the respective term of the expansion; under the heading
Classes we give the orbital elements, with respect to which the par-
tial differentiating of the Hamiltonian is performed. This operation
yields the perturbations of orbital elements produced by this term
of the Hamiltonian. In these designations we take into account that
some variablesare coupled,and the symbol g means computingboth
q and p, whereas k correspondsto k and /. The meaning of division
into the classes will be explained later. Table 1 lists in order all of
the long-period resonance inequalities employed in the algorithm.

Note that the minimum power of the eccentricity is ||s —r|.
The long-period perturbations are obtained by integrating the cor-
responding partial derivatives of the perturbing Hamiltonian (in this
case, H,).

Table 2 Short-period inequalities

Indices Classes

~
NS}

3
— —— A L,q,k

Number

©
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Table3 Long-period inequalities pertaining
to the gravity of the moon

Indices Classes
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Table 4 Short-period inequalities pertaining

to the gravity of the moon
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Listed in Table 2 are the short-periodinequalitiesincluded in ac-
cordancewith our criteria. Here an additional columns is introduced
for the mean anomaly multiplicity.

The short-period perturbations are obtained by differentiation of
the generating function using Eq. 3.

Perturbations due to Attraction of External Bodies

We are going to consider only the perturbationsoriginating from
the gravity of the moon because this is the most difficult case. Per-
turbations caused by the sun are obtained from the earlier case by
substituting the appropriate values of the constants and skipping
certain inequalities.

Equation (8) shows the well-known expansionof the Hamiltonian
employed for this task:

¢ = (n/a’)@/a’) SEEE(H, ) ®)
where
A" = inclination function for the satellite
X; = eccentricity function for the satellite
Z = complex spherical function of the external body
o = external body
Z,, = P" (o) x expi(m - 1) ©)

where ¢y and A, are the equatorial latitude and longitude of the
external body

Hypys = AV X5 - ZO xexp+i{s - A+ (r—s) -7+ (m—r)-Q}

To obtain the explicitdependence of the Z<> on the mean anomaly
of the perturbing body, we use the followmg expansion:

=) D AU XU xexpl—ilsi o + (r = s1) 70

+(m—r)-Ql} (10)

The general expression after the summation sign in Eq. (8) can
be divided into two multipliers, each of which is a function of the
coordinatesof the satelliteand the externalbody. Table 3 displays,in
an ordered fashion, all of the long-period inequalities related to the
moon thatare includedin the algorithm. Appropriate multipliers that
express the sphericalfunctions of the moon are computedtakinginto
account the slow evolution of the orbital parameters of the moon. A
simplified model is employed to depict the motion of the moon as
described subsequently.

Simplified Model for Motion of the Moon

The average longitude of the ascending node for the moon orbit
in the ecliptic is computed as Qpoon = Qo + Q- (t —ty), where the
angularvelocityis alinear combinationof the velocitiesof the funda-
mental arguments from the theory of the moon motion: The equa-
torial element set of the moon is calculated as

Q=00 +Q(t—1))

Q= Q+ kL - sin(Qmoon) + k2 - sIn(2moon)

+ k2 - sin(3Qumoon) + k& - sin(4Qmoon)

T=7+ 7'[;2 : Sin(s_zmoon) + ﬂé : Sin(zs_zmoon) + 7732 : Sin(3§2moon)
5\,25\,0"—;\,0'(1’—1’0)
A=+ 7l - Sin(Qmoon) + 7+ SINQ2Qmoon) + 73+ SIN(3imoon)

i=iy+iL - cos(Qmeon) + 13+ 08(2€moon) + i3 - €08(32moon)

. 1,2,3,4 1,2,3
where a, iy, and e are constants and kg 7", 77, and i

constants.

Equation (10) and the moon orbit element set are used to derive
the required (correspondingto preset values of n and ¢) expansions
of the spherical functions Z

Table 4 is an ordered presentatlon of all of the lunar short-period
inequalities included in the theory.

223 are also

Perturbations Produced by Other Factors

In addition, the algorithm takes into account perturbations orig-
inating from the solar radiation pressure, as well as from the pre-
cession and nutation of the Earth axis. The solar radiation pressure
perturbationis determined assuming a constant satellite albedo and
ballistic coefficient, but influence of the shadow is included. A de-
tailed description of the method is given in the Appendix.

Perturbations from the precession and nutation are computed ac-
cording to known formulas® and are not described here.

Organization of the Computations

Special approaches to organization of the calculations were em-
ployed to increase the computational speed.

Elbrusclasscomputersrequirea long time to find an array element
(several CPU cycles). This is why a decision was made to use no ar-
rays and to store each element as a separate variable. Because we are
generallydealing with six-dimensionalarrays, our code acquired an
exotic look with about 10 pages of variables declarations; however,
the computational cost dropped by more than a factor of 10.

For a similar reason, we use no complex-variableproceduresand
determine all of the necessary exponential forms by explicitly find-
ing sine and cosine of multiple angles, which are, in turn, reduced
to sums of products of the main ones.

We havealsoundertakenconsiderableeffortto expressthe needed
special functionsin an efficient manner and to determine the optimal
order of the indices in calculating inequalities, which was to take
into account common terms in different inequalities.

An efficient scheme of computing amplitudes of the inequalities
taking into account rates of their changes has been developed.

1) The function Zom undergoes the slowest rate of change be-
cause it is a function of the slow fundamental arguments. For this
reason, computing these amplitudes is singled out into a separate
subroutine. This program calculates coefficients of the polynomial
representation for each interval for a total period of several years
(the length of this period of time is a parameter) for all of the neces-
sary amplitudes. The polynomial degree varies from 1 to 4, whereas
the interval representedby one polynomialis up to 100 days without
losing accuracy in the prediction. The main program receives the
set of coefficients required at a particular time and then uses the
polynomials for further calculations.

2) The amplitudesof all fastangles are separatedinto three classes
accordingto the frequency of their renewal. For each class, a thresh-
old for simultaneousrecomputing of all of the amplitudesis defined
interms of the orbitelementset changes and time intervals. Constant
values of these amplitudes (differentfor eachinterval) are used until
the threshold is reached. The values of the thresholds are adjusted
so that, for example, the third-class amplitudes are recomputed by
an order of magnitude less frequently than the second-class ones.
Examining Tables 1-4 reveals that the first class contains only a few
terms.

3) The amplitudes of the perturbations with the same set of in-
dices, but related to different element sets of the orbits are assigned
to different classes. This results in a decrease in the computational
cost without losing accuracy.

4) Three areas of initial conditions are considered, resonance,
nonresonance, and border. A set of amplitudes and perturbations
to be included, as well as the time steps for numerical integration
of the quasi-secular equations, are assigned separately for each of
the areas. The fourth-order Runge-Kutta method is employed. A
typical set of integration step values is resonance area 10 days,
nonresonance area 20 days, and border area (T /N ), where T is the
resonance period (usually several months) and N is the number of
steps in one period (usually several tens).
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Table 5 Results of testing algorithm accuracy?®

At Ar An Ab At Ar An Ab At Ar An Ab

100 0.7 39 06 600 12 15 54 1100 05 32 79
200 08 57 15 700 03 25 25 1200 1.5 0.7 1.8
300 1.7 58 13 800 06 19 54 1300 03 1.0 10.0
400 05 5.1 38 900 04 37 59 1400 16 59 23
500 03 26 0.2 1000 24 0.6 4.1 1500 0.6 3.1 10.0

4Here i =0.3 deg, ¢=0.003, T = 1436 min, S=1¢—9 and Ar, An, and Ab are in
kilometers.

Results of Experimental Tests

The described method has been tested to estimate its level of
accuracy and speed. The evaluation of the accuracy was conducted
by determining differencesbetween positions of a satellite obtained
with the program being tested and with a standard one at various
moments of time. Numericalintegrationof the differentialequations
describing satellite motion using the Bulirsh and Stoer method’
was adopted as the standard method for the comparison. The same
perturbations were introduced for both programs. Projections of the
satellite position deviations onto the radius vector, binormal line,
and the line perpendicularto both (which was close to the direction
of the satellite velocity) were considered separately. These deviation
projections are Ar, Ab, and An, respectively (kilometers).

Table 5 presents an example of the test results. Characteristics of
the orbit involved are listed in the first row.

Other tests have also shown that the systematic prediction errors
of the presented program do not exceed 38 km or 3 angular minutes
for periods of time up to 1500 days (about 4 years).

The CPU time required to performthe calculationson an Elbrus-2
computer (3.5 x 10° average operationsk) obeys the following for-
mula:

AT =0.003-N +0.001-m

where AT is CPU time in seconds, N is the number of integration
steps, and m is the number of measurements in a set.

Conclusions

We have presented the evolution model for a near-geostationary
satellite orbit that has been adopted by the Russian Space Surveil-
lance Center. The characteristic feature of the method is averaging
over the mean anomalies of the perturbingbodies, the moon and the
sun.

A special organization of calculations used in the program re-
sulted in a significant decrease in the CPU time required in a typi-
cal surveillance regime where predictions of the orbit are required
at many times (multitude of measurements conducted at different
times).

The programs have been written and used on Elbrus-2 and
personal computers (in C++ ).

The required CPU time for an IBM Pentium-100 compatible
personal computer with 8 MB of RAM has been found to be

AT =0.0012- N + 0.00015-m

where AT is CPU time in seconds, N is the number of integration
steps, and m is the number of measurements in a set.

Appendix: Solar Radiation Perturbation

Only the largesttermin the Legendre expansionfor the perturbing
function was considered in dealing with the light pressure:

H™ = —¢[r/(r* [a*)*] cos(y)

where

a’ = semimajor axis of the Earth orbit
r = length of the satellite radius vector
r® = current sun-Earth distance

angle between the directions to the satellite and the sun
= coefficient of light pressure for a satellite, which depends on
the satellite design and semimajor axis of the Earth orbit

» <
I

Only quasi-secular perturbations are considered. Short-period
components are neglected.

Averaging is done over the satellite motion along the orbit (inte-
gration of the perturbing function over the mean anomaly) only. No
time integration (mean anomaly of the sun) is conducted.

Effects pertaining to the shadow of the Earth are taken into the
accountby computingextra additionsto the partial derivativesof the
averaged perturbing functionfor the light pressure (right-handsides
of the quasi-secularequations are constructed as a linear combina-
tion of the total perturbing function partial derivatives with respect
to the satellite orbit element set).

Formulas for calculating the partial derivatives of the averaged
perturbing function of the solar radiation pressure forces follow.

Without Effects of the Earth’s Shadow
Formulas for calculating partial derivatives introduced by the
integrals
2 S
F _ 1 aou®

—_ dM
Yoo ), 0x

where x = p, q, h, k, are as follows:

¢ hget et
TSP SgE ZSn SgE

HP? = —
& (r.f/a.;)Z
where € =h, k,
& an & et
HP — — Sgrsg + Sn Sg
4 (r.f/a.;)Z
where ¢ = p, q,
% — ¢ S;' —28; S;
(r.f/a.;)Z
where
& _ 3 5 [— 3 e __ 3 5
S = —3aY;5 Sg, = *T3ap, S = —3ax;
Sy, = —3a4, S¢ = —3alxk+yh)

S; = —3a(qk — ph), 8¢ =xlqg —yp+zc

S, = —[y:i + z;’l(p/C)], Sy, =X, —2,(qf0)
nP __ 3
Sg = +3ah

and e’ = (x], y;, zJ) is the unit vector in the direction to the sun,
a is the semimajor axis of the satellite orbit, ¢ = cos(i), i is the
inclination of the satellite orbit toward the Earth equator, and p, ¢,
h, and k is the Lagrangian element set of the satellite orbit.

The right-hand sides of the quasi-secular equations are expres-
sed linearly through the integrals H,".

Effects of the Earth’s Shadow

The Earth’s shadow is assumed to have a cylindrical shape. Ap-
proximate formulas are used to find points of entering and ex-
iting from the shadow. These formulas permit high accuracy for
low-eccentricity orbits.

To obtain the point of entering to and exiting from the shadow of
the Earth the following designations are used: E, is the eccentric
longitude at the point of entrance and E}, is the eccentric longitude
atthe pointof exit, where E; = E + o + Q is the eccentriclongitude
of the satellite orbit, w is the perigee argument for the satellite orbit,
and 2 is the longitude of ascending node for the satellite orbit.

The sequenceof trigonometricfunction calculationsfor eccentric
longitudes of the satellite orbit corresponding to the points where
it enters to and exits from the shadow of the Earth are cos(E,,),



72 BOIKOV, TESTOV, AND KHUTOROVSKY

sin(Ey,), cos(E},), sin(E},), where E;, and E,, correspond to the
entrance and exit points, respectively:

Ry, = Ry/a, S=,/1—R§a, S =1/8
n=v1-e? m=1/(0+n)
where R, is the radius of the Earth,
ki =k-n, hy=h-n, A=1—h-h
B=1—k- -k, C=h-k

C,=2-(A-q—C-p)
CC,=(A—q-C,) - x'+(C+p-Cp-y —c-Cp-2" —k-S,
Sy =2-(C-q—=B-p)
§S,=(C—q-S)-x'+(B+p-S,)-y —c-8,-2 —h-5
Dy=2-(k-q—h-p)

cos(W)=(k—q-Dy)-x*+(h+p-Dy) -y —c-Dy-2° =5

p1=1/,/ccg+ssg

cos(p) =CC, - py, sin(p) =SS, - pi

The condition for a space object to be shadowed by the Earth is
—1 <cos(y) <1

If the preceding inequality is satisfied, we calculate

sin(y) = /1 — cos*(y),

cos (Ell) = cos(¢) - cos(y) — sin(g) - sin(yr)

AE, =2-[mr — arccos(cos ¥)]

cos (Eh = cos(¢) - cos(y) — sin(g) - sin(yr)

)
sin (E,,) = sin(g) - cos(¥) + cos(¢) - sin(y)
cos (Elz)

= cos(p) - cos(¥) — sin(p) - sin(y)

sin (E,,) = sin(g) - cos(¥) + cos(¢) - sin(y)

Then additions to the partial derivatives of the averaged perturbing
function are computed.

To compute additions to the partial derivatives of the averaged
perturbing function, the partial derivatives sought can be introduced
with the following integrals:

M> S
Hed — / OH® M
x " dx

1

where x = p, q, h, k; M, and M, are values of the mean anomaly
corresponding to the points of the satellite entrance and exit from
the Earth shadow,

Soe — 25, Spe

Hadd I
& (r.f/a.;)Z
where € =h, k,
(’\ n (’\ Vl{
— _ Sn{ S+ S, Sy
4 (r.;/a.f)Z
where ¢ =p, q,

S — 2808
(r.f/a.;)Z

Hadd — ¢

where r* is the current Earth-sun distance and a* is the major semi-
axis of the Earth orbit (for the motion around the sun). Values of S}
are computed as follows:
Spe =l Sy =axl =
where € =h, k,
S¢ = xix" + yiy", St =qx? — py’
S;" =x,qg—y,p+2zc
S,=-bitawel s =x -2/
s = —yr, srt = xr
To obtain x; and yg, the following formulas are employed:
x? =a(C, —kAE, + hA))
y* =a(S, —hAE, —kA))
x{ =a[—AE, +h,(S, + kA)) — (S§ — hSB))]
= a[—A, =k (5, + k,A}) + (CS — kSB))]
x) =alA, +h;(—C, + h,A;) + (CS — hCB))]
yr =al=AE; —k(=Ci + hyA)) = (CC — kCB))]
where

AE[ = Elz - El

1

k1=_, h1=_, k2=

S | =
>
v
Il
S|

Ei,
S =/ sin(E)dE, = —[cos(Elz) —cos(Ell)]
E

E;
cC= / " o’ (E)) dE, = %[AEI + cos (Ey,) sin (E,,)
E

1

— cos (Ell) sin (Ell)]

Eq
SS‘/ " sin(Ey) dE, = %{AEI —[cos (Ey,) sin (Ey,)
E

I

— cos (Ell) sin (Eln)]}

E;
CS = / " cos(E}) sin(Ey) dE, = %[sinZ (Ei,) —sin® (Ey)]
E

I

¢, = / %cos(El)dEl —C — (KCC + KCS)
E

1

s, =/ %sin(El)dEl — §— (KCS + hSS)
EII
1 Eiz

1 —

T+ £,

|

r 1 - -
—esin(E)dE, = ——[kS — hC
aesm( )dE, 1+77[

J— R — 1 _ _
— (k* — h*)CS — kh(CC — §8)] = ——{kS — hC
1+

— (k> —h*)CS — kh [cos (Elz) sin (Elz) — cos (En) sin (En)]}
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—_ 1 E1y
CB = —— cos(E)[1 —ecos(E)]dE,
I+n £,
1 —_ =
= ——(kCC + hCS)
1+
— Elz
SB) = —— sin(E)[1 — ecos(E)]dE,
I+ £,

1 N —
——(kCS + hSS)
1+n
The final form of the perturbing function partial derivatives for the
light pressure with the Earth shadow taken into accountis computed
with the following formulas:
H)l:lep — H_;p _ H;‘dd

where x =p, q, h, k.
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